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In [OM] O'Meara solved the classification problem for lattices over dyadic local 
CsJ I fields in terms of Jordan decompositions. In this paper we translate his result 

' in terms of good BONGs. BONGs (bases of norm generators) were introduced 

in [B] as a new way of describing lattices over dyadic local fields. This result 
and the notions we introduce here are a first step towards a solution of the 
more difficult problem of representations of lattices over dyadic fields. 
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1 Introduction 

Since the main result of this paper is given in terms of BONGs, which were introduced 
in [B] , we now give a reminder of some of the definitions and results in that paper which 
I we will use here. 

I Throughout this paper F is a dyadic local field, O the ring of integers, p the prime 

ideal, := O \ p the group of units, e := ord2 and tt is a fixed prime element. For 
Q ■ a G -F we denote its quadratic defect by 0(a) and let A = 1 — 4p be a fixed unit with 
0^ : c)(A) = 4C. 

^ ' We denote by d : F/F'^ — > N U {oo} the order of the ''relative quadratic defect" 

d{a) = oTda~^d{a). If a = ir^e, with e G , then d{a) = if i? is odd and d{a) = 
^ ' d{e) = ordc)(e) if R is even. Thus d{F) = {0, 1, 3, . . . , 2e — l,2e, cxo}. This function 
■ satisfies the domination principle d{ab) > mm{d{a) , d(b)} . 

If a is a positive integer then (1 + p°)F^ = {a G F | d{a) > a} and (1 + p°)0^^ = 
{a G I d{a) > a}. For convenience we set (1 + p°)-F^ := {a G -F | d{a) > a} and 
(1 + p")C^^ := {a G I d{a) > a} for any a G M U {oo}. Thus (1 + p")^^ ^ p2 
a > 2e and (1 + p°)-F^ = F for a < 0. If d is the smallest element in d{F) s.t. a < d 
then (1 + p")F2 _ ^1 ^ pd)^2_ 

We denote by (■,■)? • F/F'^ x F/F'^ — > {±1} the Hilbert symbol, which is a non- 
degenerate bilinear symmetric form. 



*In [Bl] this paper was announced under the title "BONG version of O'Meara's 93:28 theorem. We 
changed the title at the referee's suggestion. 

^Partially supported by the Contract 2-CEx06-ll-20. 
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If a e -F, we denote by N(a) the norm group lSl{F{^/a)/F) = {b e F \ {a, b)p = 1}. If 
h & F and d{a) + d{h) > 2e then (a, b)p = 1. However if a ^ F'^ then there is 6 G -F with 
= 2e — (i(a) s.t. (a, 6)p = —1. (For d{a) odd this is just [H, Lemma 3]. If d{a) = 2e 
and b E F is arbitrary with d{b) — then a e AF^ and ordfc is odd so (a,6)p = — 1. 
Similarly if d(a) = and d{b) = 2e we have (a, 6)p = -1.) Thus (1 + p")^^ C N(a) iff 
a + d{a) > 2e. 

An element a: of a lattice L is called a norm generator of L if nL = Q{x)0. A 
sequence Xi, . . . , a;„ of vectors in FL is called a ^asis o/ norm generators (BONG) for L 
if xi is a norm generator for L and X2-, ■ ■ ■ 1 Xn IS a BONG for pr^xL. A BONG uniquely 
determines a lattice so, if BONG for L, we will write L xi, . . . ,Xn 

If moreover Q{xi) = tti we say that L =^ oi, . . . , a„ :^ relative to the BONG xi, . . . , Xn- 
If L =-< ai, . . . , a„ then det L = ai ■ ■ ■ a„. 

If xi, ...,a;„ are mutually orthogonal vectors with Q{xi) = Oj, L = Oxi ± ■ ■ ■ ± Oxn 
and y = Fxi ± ■ ■ • ± Fxn then we sat that L = (ai, . . . , a„) and F = [ai, . . . , a„] 
relative to the basis Xi, . . . , x„. 

If L is binary with nL = aO, we denote by a{L) :— detLa"^ and by R{L) : — 
ordvolL — 2ordnL = orda(L). a{L) G F/O^"^ is an invariant of L and it determines the 
class of L up to scaling. If L =^ a,(3 y then a{L) = ^. 

We denote by ^ = Af C F/O^'^ the set of aU possible values of a(L), where L is an 
arbitrary binary lattice. We have A — {a E \0 \ a ^ 0, 9(— a) C O}. If orda = R and 
d{—a) = d, then a G |C means R > — 2e, while 5(— a) C O means R+d — ordD(— a) > 0. 

If a{L) = a = n^e with d{a) = d then: 

L is nonmodular, proper modular or improper modular iS R > 0, R = 0, resp. R < 0. 
If R is odd then R > 0. 

The inequality R + 2e > becomes equality iffaG— oraG 

_ A0x^_ We have 

a{L) = — I resp. a(L) = — ^ when L = 7r''74(0, 0) resp. n'^A{2, 2p) for some integer r. 
The inequality J? + > becomes equality iff a G —^O^"^. 

A special type of BONGs is the so called "good BONGs". If L =-< ai, . . . ,a„ >- 
relative to some BONG xi, . . . , and ordoj = i?j we say that the BONG xi, . . . , is 
good if Ri < Ri+2 for any 1 < i < n — 2. 

Remcirk The condition R^ < i?j_,_2 for 1 < i < n — 2 is equivalent to the condition 
that the sequence {Ri + Ri+i) is increasing. 

A set Xi, . . . ,Xn of orthogonal vectors with Q{xi) = a-i and ordoj = i?j is a good 
BONG for some lattice iff Ri < Ri+2 for all 1 < i < n — 2 and Oj+i/aj G A for 
all 1 < i < n — 1. The condition aj+i/aj G v4 is equivalent to Ri+i — Ri + 2e > 
and Ri+i — Ri + d(— aiOj+i) > 0. As consequences of ai+i/ai G A, if Ri+i — Ri is 
odd then it is positive, if Ri+i — Ri — — 2e then ai+x/ai G — or — ^O^^ and if 
Ri+i — Ri + (i(— ajaj+i) = then ai^i/ai G — jO^^. 

The good BONGs enjoy some properties similar to those of orthogonal bases. If 
L =^ fli, . . . , a„ >- relative to some good BONG xi, . . . ,Xn and orda^ = Ri then L" =~< 
Ui^, . . . ,a~^ >- relative to the good BONG x\^, . . . ,x\, where x\ = Q{x)~^Xi. Also if 
for some l<i<j<nwe have -< Xi, . . . , Xj )^^^ . . . , bj >- relative to some other 
good BONG Ui, . . . , Uj then L =^ oi, . . . , aj_i, bi, . . . , bj, Oj+i, . . . , a„ >- relative to the 
good BONG Xi, . . . , Ui, . . . , Uj, Xj+i, . . . , Xn- There are some differences though from 
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the orthogonal bases. E.g. the relation L xi, . . . ,Xi Xi+i, . . . ,Xn >- holds iff 

Ri ^ Ri+l- 

The orders Ri = orda^ are independent of the choice of the good BONGs and they 
are in 1-1 correspondence with the invariants t,dim.Lk,&k '■= SiLk and nL^'', where L — 
Li ± ... L Lt is & Jordan sphtting. More precisely, if Qk — P^*", nL^'' — p"'^ and 
"-ifc = Z)i<fe dim Li, then the sequence it:„^_j+i, . . . , R^^ is r^, . . . , if is proper (i.e. if 
Tjfc — Uk), and it is u^., 2rk — Uk, • • • , u^, 2rfe — u^. otherwise; see [B, Lemma 4.7]. 

The good BONGs are closely connected with the maximal norm splittings. A splitting 
L — Li J- ... J- Lt is called a maximal norm splitting if QLi 5 ... 5 and dim Lj < 2, 
Li is modular and nLj = nL^^' for all 1 < i < Condition nLj = nL^^' is equivalent to 
nLi D . . . 5 xiLt and nL\ C . . . C nL^. If we put together the BONGs of the components 
Li, . . . , of a maximal norm splitting we get a good BONG for L. Conversely any good 
BONG of a lattice can be obtained by putting together some BONGs of the components 
of some maximal norm splitting. Moreover, the splitting can be chosen s.t. all binary 
components are improper modular. An explicit algorithm for finding a maximal norm 
splitting and, hence, a good BONG of a lattice is provided in [Bl, Section 7]. 

2 The invariants ai 

Let L be a lattice over the dyadic field F. Let L =^ 04, . . . , a„ >- relative to a good 
BONG and let Ri := orda^. Also let L = Li _L . . . _L be a Jordan decomposition. 
We keep the notations of [OM] % :— BL^, := tVk '■— toL^'' but, in order 

to avoid confusion, we write for O'Meara's a^. Also we denote = ordBfe, Uk — 
ordafc = ordnL'^'=, Associated to our splitting we have the Jordan chain C . . . C 
and the inverse Jordan chain L*^^^ D ... D L^^^, where L^^) := Li _L . . . _L Lyt and 
^{k) '■= Lk A- . . . A- Lt. 

Since RiS are invariants of L we will write Ri — Ri{L). 

Definition 1 For any 1 <i <n — 1 we define ctj = OLi{L) by: 

ai := min({(i?i+i - Ri)/2 + e} U {Ri+i - Rj + d{-ajaj+i) | 1 < j < i} 

U {Rj+i — Ri + d{—ajaj+i) \ i < j < n}). 

Apparently ai{L) defined this way depends on the choice of the good BONG. We will 
show later that, in fact, it depends only on L. For the time being we will mean ai{L) 
with respect to a given good BONG. We give now some properties of a^'s. 

Lemma 2.1 If k < i < I then, in the set defining ai, we can replace — Ri)/2 + e 

and all the terms corresponding to indices k < j < I, by Q;i_fc+i(-< ak,...,ai >-). In 
particular, ai < ai_k+i{~< o,k, ■ ■ ■ ,0,1 >~)- 

Proof. By definition ai_fe+i(-< a^, . . . ,ai y) = min({(i?j+i - Ri)/2 + e} U {Ri+i - Rj + 
OjOj+i) I A; < J < i} U {Rj+i — Ri + d{—ajaj+i) \ i < j < I}). Hence the conclusion. 

□ 
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Lemma 2.2 The sequence {Ri + ctj) is increasing and the sequence {—Ri+i + ctj) is 
decreasing. 

Proof. Let l<i<h<n — 1. We have Ri + < Rh + Rh+i- Ftom Definition 1 

we get Ri + ai = min({(7?j + 7?j+i)/2 + e} U {Ri + Ri+i — Rj + d{—ajaj+i) | 1 < j < 
i} U {Rj+i + d{~ajaj+i) \ i < j < n}) and —Ri+i + ctj = min({ — + i?j+i)/2 + e} U 
{— i?j + ajaj+i) I 1 < j < i}U{Rj+i — Ri — Ri+i + d{—ajaj^i) \ i < j < n}). Similarly 
for Rh + ah and —Rh+i + a/i- In order to prove that Ri + ai < Rh + ah we show that 
the elements in the set that has i?, + o;, as its minimum are < than the corresponding 
elements for Rh + ah- Same for —Ri+i + > —Rh+i + ah- 

The proof is straightforward and uses the fact that Ri+Ri^i is an increasing sequence. 
For terms involving d{—ajaj+i) we consider the cases j<i,i<j<h and h < j and use 
the inequalities among Ri + -Rj + Rj+i and Rh + Rh+i that occur in each case.D 

Corollary 2.3 Suppose that l<i<j<n — 1 and Ri + Ri+i = Rj + Rj+i. Then: 
(i) Ri + ai = . . . = Rj + aj and — + ai = . . . = —Rj+i + aj. 
(a) Rk — Ri for any k,l e [z, j + 1] of the same parity and ak — ai for any k, I e [i, j] 

of the same parity. 

(Hi) If ak = {Rk+i — Rk)/'^ + e for some i < k < j then a^ — {Rk+i — Rk)/'^ + e for 
all i < k < j . 

In the particular case when j = i + 1 we get the following statement: 
If'i-<i<n — 2 and Ri = Ri+2 then Ri + ai^ Ri+i + Ui+i, —Ri+i+Ui = —Ri+2 + ai+i 
and ai — {Ri+i — Ri)/2 -\- e is equivalent to ctj+i = {Ri+i — Ri+i)/'^ + e. 

Proof .For (i) we note that Ri + = {Ri + a,) — (— + ai) and Rj + Rj+i = 
{Rj + aj) — {—Rj+i + aj) and use Lemma 2.2. By using the fact that Rk + Rk+i is an 
increasing sequence we get Ri+Ri+i — Ri+i+Ri+2 — . . . — Rj+Rj+i, which is equivalent 
to (ii). Finally (iii) follows from Ri + ai ~ . . . — Rj + aj, Ri + Ri+i = . . . = Rj + Rj+i 
and the fact that ak — {Rk+i — Rk)/'2 + e is equivalent to Rk + ak — {Rk + -Rfe+i)/2 + e.D 

Lemma 2.4 Suppose that 1 < i < n and l<k<h<l<n. Then: 

(i) If h < i then all terms in the definition of ai corresponding to indices k < j < h 
can be replaced by Ri+i — Rh+i + ah~k+i{^ cik, ■ ■ ■ idi >-). In particular, all terms with 
^ ^ j can be replaced by Ri+i — Rh+i + ah. 

(ii) If i < h then all terms in the definition of ai corresponding to indices h < j < I 
can be replaced by Rh — Ri + ah-k+i{^ ak,...,ai y). In particular, all terms with 
h < j < n can be replaced by Rh — Ri + ah. 

Proof .By Lemma 2.1 we have ah-k+i{~< a^, . . . , a; > ah. 

(i) By Lemma 2.2 we have < Ri+i - Rh+i + < Ri+i - Rh+i + ah-k+i{-< 
Qk, . . . ,ai >-). If k < j < h then ah-k+i{-< ak,...,ai >-) < Rh+i - Rj + d{-ajaj+i) so 
Ri+i — Rh+i + tt/i-fc+i(-< cik, ■ ■ ■ >~) < Ri+i — Rj + d{—ajaj^i). Therefore if we add 
Ri+i — Rh+i + ah-k+i{-< o,k, ■ ■ ■ ,0,1 >-) to the set that defines ai and remove any one of 
Ri+i — Rj + d{—ajaj+i) with k < j < h then ctj does not change. 
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(ii) By Lemma 2.2 we have ai < Rh — Ri + oih < Rh — Ri-\-oih-k+i{,-< dk, ■ ■ ■ >-)■ If 
h<j<l then ah-k+i{-< ak, . . . ,ai y) < Rj+i- Rh + d{-ajaj+i) so Rh - Ri + ah-k+i{-< 
ak, . . . ,ai y) < Rj+i-Ri + d{-ajaj+i). Thus if we add Rh- Ri + ah-k+i{-< ak,. ■ . ,ai >-) 
to the set that defines ctj and remove any one of Rj+i — Ri + ajaj+i) with h < j < I 
then ai does not change. 

If wc take k — 1 and / = n then ah-k+i{^ cik, ■ ■ ■ >~) becomes CKh{~< ai, . . . , a„ >- 
) = ah{L) — ah so we get the second claims of (i) and (ii). □ 

Corollary 2.5 For any 1 < i < n — 1 we have: 

(i) ai = min{(i?i+i - Ri)/2 + e,Ri+i- Ri + d{-aiai+i),Ri+i- Ri + ai-i,Ri+i- Ri + 

Oii+l}- 

(ii) ai = mm{{Ri+i-Ri)/2 + e,Ri+i-Ri + d{-aiai+i),Ri+i-Ri + ai_i{-< ai, . . . ,aj 
), Ri+i — Ri + Oii{~< Oj+i, . . . , a„ y)}. 

(The terms that do not make sense, i.e. Ri+i — Ri + ai-i and Ri+i — Ri + ai-i{~< 
ai, . . . , flj y) when i = 1, or Ri+i — Ri + ai+i and Ri+i — Ri + ai{~< a^+i, . . . , a„ when 
i = n — 1, are ignored.) 

Proof .{i) By Lemma 2.4 (i) resp. (ii), in the set defining a,, Ri+i — Ri + ccj-i can 
replace all the terms Ri+i — Rj + c?(— ajCj+i) with I < j < i — I, while Ri+i — Ri + ctj+i 
replaces all Rj+i — Ri + d{—ajaj+i) with i + 1 < j < n. Therefore a, = min{(i?j+i — 
Ri)/2 + e, Ri+i - Ri, + d{-aiai+i), Ri+i - Ri + ai-i, Rj+i - Ri + Oi+i}. 

(ii) Same as (i) but this time the terms corresponding to 1 < j < i — 1 are replaced 
by Ri+i — Ri + Q;j_i(^ Oi, . . . , Oj y) and those corresponding to i + 1 < j < n by 
Ri+i - Ri + ai{~< Oj+i, . . . , a„ :^). □ 

2.6 Remark We have =^ a\,...,al^ >- with = «n+i-i ^^'^ ^1 '■— ordaf = 
—Rn+i-i- One can easily see that := ai{L'^) = an-i- Also aiS are invariant to scaling. 

Lemma 2.7 Ifl<i<n — 1 then: 

(i) fti > with equality iff Ri+i — Ri = — 2e. 

(%%) If Ri+i -Ri>2e then ai = {Ri+i - Ri)/2 + e. 

(Hi) If Ri+i — Ri <2e then ai > Ri+i — Ri with equality iff Ri+i — Ri — 2e or it is 
odd. 

(iv) ai is an odd integer unless ai — {Ri+i — Ri)/2 + e. 

Proof .We use induction on n. For n — 1 our lemma is vacuous. 

For the induction step let 1 < i < n — 1 and let L' =-< ai, . . . , Oj >- and L" 
tti+i, . . . , a„ By Corollary 2.5(ii) wc have ai — min{(i?j+i — Ri)/2 + e, Ri-^-i — Ri + 
d{—aia2), Ri+i —Ri + a, Ri+i — Ri+ P}, where a = ai-i{L') and P = ai{L"). (We ignore 
a and (3 whenever they are not defined.) By the induction hypothesis a, {3 satisfy (i)-(iv) 
of the lemma. 

We have (-Rj+i — Ri)/2 + e > with equality iff — Ri — — 2e and — Ri-\- 
d{—aiai+i) > with equality iff aj+i/oj e —^O^^ which implies Ri+i — Ri — — 2e. If 
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Ri+2-Ri+i > 2ethen/3 = {Ri+2-Ri+i)/2 + e > 2e so Ri+i- Ri+p > Ri+i-Ri + 2e > 0. 
Similarly with Ri+i — Ri + a if Ri — Ri^i > 2e. If i?j_,.2 — Ri+i < 2e then, by the 
induction hypothesis, P > Ri+2 — Ri+i with equality iff Ri+2 — Ri+i is odd or it is 2e. 
Thus — Ri + P > Ri+2 — Ri > with equality iff Ri = Ri+2 and Ri+2 — Ri+i is odd 
or 2e. Suppose this happens. If Ri+2 — Ri+i — 2e then Ri^i — Ri — Ri+i — Ri+2 — — 2e. 
If Ri+2 — Ri+i is odd then so is — Ri = Ri+i — Ri+2 so both must be positive. But 
this is impossible. Similarly for Ri+i — Ri + a when Ri — Ri-i < 2e. Thus we have (i). 

If Ri+i — Ri > 2e then a, /3 > so Ri+i — Ri + d{—aia2) , Ri+i — Ri + a, Ri+i — Ri + P > 
Ri+i — Ri > {Ri+i — Ri)/2 + e. Hence a, = {Ri+i — Ri)/2 + e and we have (ii). 

We prove now (iii). If Ri+\ — Ri — 2e then (ii) imphes that ccj = {Ri+i — Ri)/2 + 
e — 2e = Ri+i — Ri so we are done. If Ri+i — Ri < 2e is odd then d{—aiai+i) = 
and a, P > so ai = min{(i?j_|_i — Ri)/2 + e, — Ri} = Ri+i — Ri- Finally if 
Ri+i — Ri < 2e is even then ordojaj+i = i?j + -Rj+i is even so ajaj+i) > 0. Also 
Ri - Ri_i,Ri+2 - Ri+i > Ri - Ri+i > -2e {Ri_i < Ri+i and Ri < Ri+2) so by (i) 
a,P > 0. We have Ri+i —Ri + 0102), Ri+i — Ri + a, Ri+i —Ri + P > Ri+i — Ri. Since 
also {Ri+i — Ri)/2 + e > Ri+i — Ri (we have Ri+i — Ri < 2e) we get a.j > Ri+i — Ri. 

We prove now (iv). If Ri+i — Ri > 2e then (ii) implies = {Ri+i — R-i)/2 + e so 
(iv) is vacuous. If Ri+i — Ri < 2e is odd then (iii) implies ctj = — Ri so ai is 
odd. If Ri+i — Ri <2e is even then again ordajOj+i is even so d{—aiai+i) > 0. Suppose 
ai < {Ri+i — Ri)/2 + e. If ai — Ri+i — Ri + d{—aiai+i) then if d(— ajOi+i) is odd a, 
will also be odd so we are done. Otherwise (i(— ajOi+i) = 2e or cxo so ai = Ri+i — Ri + 
d{-aiai+i) > Ri+i - Ri + 2e > (i?j+i - i?j)/2 + e > a^. (We have Ri+i - Ri + 2e > 0.) 
Contradiction. If ai = Ri+i — Ri + a then ai is odd unless a is not odd which would imply 
a^{Ri- Ri-i)/2 + e. So a, = Ri+i - Ri + {Ri - i?,_i)/2 + e > (i?,+i - Ri)/2 + e > 
ai. (We have Ri+i > Ri-i.) Contradiction. Similarly if ai — Ri+i — Ri + P since 
Ri+i -Ri + {Ri+2 - Ri+i)/2 + e > {Ri+i - Ri)/2 + e>ai. (We have Ri+2 > Ri.) □ 

Corollary 2.8 (i) a, e Z except when Ri+i — Ri is odd and > 2e. 

(ii) ai is < 2e, —2e or > 2e if Ri+i — Ri is < 2e, —2e or > 2e accordingly. 

(iii) ai e ([0, 2e] n Z) U ((2e, 00) n |Z). 

Proof .{i) If Ri+i —Ri>2e then ai = {Ri+i — Ri)/2 + e. If Ri+i — Ri is even then ai e Z, 
while if it is odd then aj e ^Z \ Z. Suppose now that Ri+i — Ri < 2e. If Ri+i — Ri is 
odd then = Ri+i — /?,; G Z. If Ri+i — Ri is even then either ai is an odd integer or 
ai = {Ri+i - Ri)/2 + e G Z. 

(ii) If Ri+i - R, < 2e then < {Ri+i - Ri)/2 + e < 2e. If Ri+i - Ri = 2e then 
ai = {Ri+i - Ri)/2 + e = 2e. If Ri+i - Ri > 2e then ai = {Ri+i - Ri)/2 + e > 2e. 

(iii) We have ai > 0. If ai < 2e then Ri+i — Ri < 2e so ai e Z. If a^ > 2e then 
- Ri>2e so ai = (i?i+i - Ri)/2 + ee (2e, 00) n |Z. □ 

Corollary 2.9 In eac/i of the following cases, ai depends only on Ri+i — Ri: 

(i) IfRi+i-Ri > 2e orRi+i-Ri e {-2e, 2-2e, 2e-2} then ai = {Ri+i- Ri)/2 + e. 

(ii) If Ri+i — Ri is odd, then ai — min{(i?j+i — Ri)/2 + e, Ri+i — Ri}. 



6 



Proof. (i) URi+i-Ri > 2e thenar = -i?i)/2 + e by Lemma 2.7(ii). URi+i-Ri = 
-2e then = = - Ri)/2 + e. If Ri+i - Ri = 2 - 2e then G Z and < < 

{Ri+i-R,i}/2 + e = 1 so a, = 1 = {Ri+i- Ri)/2 + e. liRi+i-Ri = 2e-2 thena^ e Zand 
2e-2 = Ri+l-R^ <ai< - i?i)/2 + e = 2e - 1 so = 2e-l = -i?i)/2 + e. 
(ii) We use Lemma 2.7(ii) and (hi). If Ri+i — Ri > 2e then ctj = {Ri+i — Ri)/2 + e < 
— Ri. If — Ri < 2e then ctj = — Ri < {Ri+i — Ri)/2 + e. In both cases 
ai = min{(i?j+i - i?j)/2 + e, - □ 

Lemma 2.10 Let a be a norm generator of a lattice L and let tt) D 26L be a fractional 
ideal. Then tt) = toL iff qL — aO'^ + tt) and we have either to — 26L or orda + ordtti is 
odd. 

Proof. For the necessity see [OM, 93A]. For the sufficiency it is enough to prove that, 
given another fractional ideal to' satisfying the hypothesis of the lemma, wc have m = to'. 
Suppose that to ^ to'. We may assume that tv D to'. Since to D to' ^ 26L we must have 
that orda + ordtt) is odd. Let to = hO. Then a + b G aO^ + tt) = = aO^ + to'. So 
a+b = aa^+h' for some a e O and b' e it)' C to. It follows that 1+b/a a^+b'/a, which 
implies that + b/a) C h'/aO C a^^to. On the other hand ordb/a = orda~^tD is odd 
and, since bC» = tt) C gL C aC» and bC» = tt) D 2BL D 4aC», we have AO C h/aO C O. 
By [OM, 63:5] we get + b/a) = h/aO = a'^tt). Contradiction. □ 

Lemma 2.11 Let Ji, . . . , &e lattices in the same quadratic space and let J — Yl, Jk- 
If ak and a are norm generators for and a and J, respectively, then: 

£|J = ^ Jfe + 26J and tt) J = ^ tt) + ^ a^^c)(aafc) + 26 J. 

Proof. We have g C g J and 26 J Q gJ so gJ D gJk + 26 J. For the reverse inclusion 
note that Q( J) C Qih) + 26 J. Thus gJ = Q( J) + 26J C Y^iQW + 26Jfc) + 26 J = 
E 04 + 26 J. 

We have aO^ C gj and 2aC = 2nJ C 26J C gj so gJ = aC^ + 2aO + gJ = 
aO^ + 2a(!? + Efl^ + 26 J = aO^ + 2aC> + Y^akO^ + ^trJ^ + 26J. But aO^ + 

akO^ + 2aO = g((a, ai, . . . , a,)) (we have 6((a, ai, . . . , a^)) = tt((a, ai, . . . , a,)) = aO). 
But tt)((a,ai,...,a,)) = X)a~^f(aafc) + 2aC». (Sec [OM, p. 280]. We have ac)(afe/a) = 
a-io(aafc).) So gJ = g((a, ai, ... , a,)) + Y.^Jk + 2BJ = aC^ + ^ a-io(aafc) + 2aC + 
X;tt)Jfe + 26J = a02 + ^tt)Jfc + Xla"^f(aafc) + 26J. (Recall, 2aO C 26 J.) Let 
tt) = X) ^Jk + a"^0(aafc) + 26J. We have gJ = aC^ + to and 26 J C to. By Lemma 
2.10 in order to prove that tn = tn J we still need to prove that tn = 26 J or ord a + ord tn 
is odd. If tt) 7^ 26J, i.e. it) D 26J, then to = a"^c)(aafc) or to = toJk for some k. 
Suppose that to = toJk. Wc cannot have tvJk = 2BJfc ^ 26 J. So orda^ + ord it) is 
odd which implies that orda + ord it) is odd unless ord (aa^) is odd. But this would 
imply that akO — a~^()(aafc) C tn = toJk so toJk = a^C which contradicts the fact that 
ordafc + ordtnJfc is odd. Finally if tn = a~^t)(aafc) then orda + ordtn = ordt)(aafe) is odd 
unless aafe e AF^. (If a e F has odd order then X>{a) — aO has odd order. If orda is 
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even then ordt)(a) = oida + d{a) = d{a) (mod 2) is even iff d{a) = 2e i.e. iff « G AF^.) 
But tliis implies tliat c)(aafe) = AaakO i.e. tt) — a~^()(aafc) = 4afe(9 C 26 J. Contradiction. 
□ 

Lemma 2.12 Suppose that nLk = nL^'^ , nLk+i = nL^^+^ and a^ and ak+i o-f^ norm 
generators for Lk and Lk+i, respectively. Ifuk + Uk+i is even, then 

fk = ^^M^k3k+i) + afeB^^mL^.+i) + ak+itvLl) + 2p("'=+"'=+i)/2-'=. 

Proof. We liave L^'^ = fifcLj^^ ± L*^^,) and L«'=+i = fife+iLj^) ± L*^^,,. Now L^+i C 
-^fe+i ^ L^^+i and C fifc-L^j.^ C L^''. Tlius a^+i is norm generator for L*^k+i) 
L^k+i Q^Yid afc is a norm generator for f^fei^^^^ and for L^''. Also 7r^*^^*=+i~'''=^afe is a norm 
generator for Qk+i^^)- Lemma 2.11 we get Wk = a'^^D{akak+l) + ^{^kLl^k)) + ^^k+l) + 
26fe = a^i()(afeafe+i) + B^lJ^) + tvq^^^^ + 2Qk and ro^+i = a^l^Tr^^'^+^-'^hkak+i) + 

By [OM, 93:26] wc have fi|f,, = diakSk+i) + ^k+itOk + ak^Ok+i + 2p(«'=+«'=+i)/2+-'= = 

But afcO ^ 3k+iO and a^fi^^ C afc+if5^_^]^ ([OM, 93:25]) so Uk < Uk+i and Uk — 
2rk > Uk+i - 2rfc+i. Thus a^ ^afc+ic)(afeafc+i), a^a^^^B^^^ififc ^t)(afcafc+i) C d{akak+i)- Also 
afc6|+itt)Lj^) C afe+ifi^wLj^) and afe+iWL^^^^) C afettJL^^^^). Also ordafe+iBfe = Uk+i+rk > 
{uk + Uk+i)/2 + rk (we have Uk+i > Uk) and ord a^fife+i = Wfe + r^+i > {uk + ttfe+i)/2 + 
(we have Uk - 2rk > Uk+i - 2rk+i). Hence 2afc+iBfc, 2afcfifc+i C 2pK+«'=+i)/2+'-fc. 

By removing all unnecessary terms (which are included in others) we get i5|ffc = 
0(afcafc+i) +afc+i6^raL{^) + afctt)L^^_^^ +2p("*^+"*^+i)/2+'-fc_ when we divide by 6^ we get the 

desired result. □ 

Suppose L =^ ai, . . . , a„ >- relative to the good BONG Xi, . . . , Let L = L} 1. 
. . . ± L'" be a maximal norm splitting with all the binary components improper s.t. 
Xi, . . . , x„ is obtained by putting together the BONGs of L^, . . . , L'". We choose the 
Jordan decomposition L = Li ± . . . ± with components obtained by putting together 
the L^'s of the same scale (see also the proof of [B, Lemma 4.7]). So the L-^'s with 
= Bfc make a maximal norm splitting for Lk, those with BL-' C a maximal norm 
splitting for L(^k) and those with iiU D 6^ a maximal norm splitting for L*^f^_^-^y By 
putting together the BONGs of the components of these maximal norm splittings we 
get good BONGs for Lk, L(k) and 1^(^+1). It follows that Lk =-< Xn^^.^+i, . . . , Xn^, >-, 
L{k) =^ xi,..., >- and -^^(^+1) a^n^+i, ■■■,Xn y- Also nLk = nL^'^. (For any L^ 
with 6L^ = fifc we have U C Lk C L^" and nL^ = nL^^' = nL^K) 

Lemma 2.13 (i) For any Uk-i + 1 < i < rik we have Ri — Uk if i = Uk-i + 1 (mod 2) 
and Ri = 2rk — Uk if i = Uk-i (mod 2). 
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(ii) For any Uk-i + i < i < Uk we have Ri — Uk ifi = rik+l (mod 2) and Ri — 2rk—Uk 
if i = Uk (mod 2) . 

(in) ±a„j,_-^+i and ±7r^'^''~^^'^an^, are norm generators for Lk and for L^''. 

Proof li Lfc is improper then dimL^ is even so Uk-i = (mod 2). Also the sequence 
Ruk-i+i, ■■■,Rnu is Uk, 2rk - Uk,..., Uk, 2rk - Uk so we get both (i) and (ii). If Lk is 
proper then Uk = and the sequence . . . , is r^, . . . , rfc. But Uk = rk so 

T^k — Uk — 2rfc — Uk and again we get both (i) and (ii) . 

(iii) Wc have Lk =^ a„j,_^+i, . . . , a^^, >- so a„^_j+i is a norm generator for Lk- We 
have lI =-< a~^, . . . ,a^l_^ >- so is a norm generator for L^ = p~'''=Lfc. Therefore 
n'^^'^a^^ is a norm generator for Lk. But orda^^. = 2rk — Uk so 7r^"''~*^^''a„j, differs from a~^^ 
by the square of a unit. Since ir'^^'^a'^ is a norm generator for Lk so is 7r^''*=7r^"*~^''*a„j. = 
^2ufc-2rfeQ^^ Since gLj. is an additive group — a„^^_^+i and — 7r^"'=~^'''=a„j^ will also be norm 
genrators for L^. We have Lk C L^* and nL^ = tiL^* so ±a„j,_^+i and ±7r^"'=~^''*a„j, are 
norm generators for L^^'^ as well. □ 

We want now to find relations between a^'s and the O'Mcara's invariants VOk and f^. 
In particular, this will prove that a^'s are invariants of the lattice L i.e. they do not 
depend on the choice of the BONG of L. 

Lemma 2.14 ordtoL = min{i?i + a^, Ri + e}. (If n = 1 we ignore Ri + ai.) 
If moreover Li is not unary then ordtnL = i?i + ai. 

Proof .Note that if Li is not unary, in particular if L^ is binary, then Ri = ui > 2ri—Ui = 
i?2 so ai < (i?2 — -Ri)/2 + e < e. Hence min{i?i + ai, Ri + e} = Ri + ai and so the two 
statements of the lemma are equivalent. 

We use induction on m, the number of components in the maximal norm splitting 
wc fixed for L. Suppose first that m = 1. If L = is unary then toL = 2BL = 2p^^ 
so ord tvL^ = Ri + e, as claimed. U L = L^ is binary and so improper modular then we 
may assume that it is unimodular since the statement is invariant upon scaling. Hence 
Ri + R2 — and Ri — ordnL > ordBL = 0. Now Oi e Q{L) is a norm generator. 
Thus by [OM, 93:10] there is b E tvL s.t. L ^ A{ai,b). Also if toL D 2BL = 20 
then toL = bO. Suppose first that n>L = 20. Then 6 G 2C so ord 6 > e. Thus 
(i(— 0102) = d{— dei L) = d{l — aib) > ord 046 > Ri + e so R2 — Ri + (i(— 0102) = 
— 2i?i + (i(— 0102) > —Ri + e. On the other hand (i?2 — -Ri)/2 + e = —Ri + e so 
ai — min{(it!2 — -Ri)/2 + e,i?2 — -Ri + c?(— 0102)} = —Ri + e. Thus ordwL — e — Ri + ai. 
If tt)L D 26L — 20 then tvL = bO and ordoi + ord 6 is odd. Also ordai = ord uL < 
ord2BL = e and ord 6 = ordtoL < ord2BL = e. It follows that ord 046 < 2e and it is 
odd. Hence d{—aia2) = d{l — aib) = ordaib = Ri + ord 6 so R2 — Ri + d{—aia2) = 
-2Ri + d{-aia2) = -Ri + ord 6. Also {R2 - Ri)/2 + e = -Ri + e > -Ri + ord 6. It 
follows that CKi = —Ri + ord b — —Ri + ord toL. So ord YoL — Ri + ai. 

We now prove the induction step. We have L = L^ ± L', where L' = ± . . . ± L"*. 
Let now a and a' be a norm generators for L^ and L'. Wc have nL^ = uL so a is also a 
norm generator for L. By Lemma 2.11 wc have tvL = tt)L^ + tDL' + a^^c)(aa'). (a^^t)(aa) = 
and 2BL = 2BL^ C wL^ can be ignored.) Since ord a"^t)(aa') = ord a' + (i(aa') it follows 
that ordmL = min{ordtt)-L^,ordtt)L',orda' + d{aa')}. 
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If is unary then Ri < R2, =-< ai >- and L' =-< a2, . . . , a„ y. We take a = ai and 
a' = — a2. We have ord a' = R2, ivL^ = Ri + e and ord wL' = min{i?2 + Oii{L'), R2 + e}. 
It follows that ord txiL = min{i?i + e, i?2 + Cii{L'), R2 + e, i?2 + 0102)}- Since i?2 + e > 
Ri + e, it can be removed. By Corollary 2.5 (ii) we have ai — min{(i?2 — Ri)/2 + e, R2 — 
Ri + 0102), R2 — Ri + Q;i(L')}. It follows that min{i?i + ai, Ri + e} — min{(i?i + 
R2)/2 + e,R2 + d{-aia2),R2 + ai{L'),Ri + e}. But i?2 > so + i?2)/2 + e > i?i + e. 
Thus min{i?i + ai, Ri + e} = min{i?2 + c?(— 0102), R2 + ai{L'), Ri + e} = ordttiL. 

If is binary then Ri > R2, =~< ai, 02 >- and L' =-< as, . . . , a„ >-. We prove 
that ordmL — Ri + ai. We take a = 7r^"i~^^ia2 and a' = —03. (See Lemma 2.13(iii).) 
We have tvL^ = -Ri + ai(L^), tvL' = min{i?3 + ai(L'),R3 + e} and orda' + d(aa') = 
-R3 + 0203). Thus ord toL = min{i?i + ai(L^), i?3 + ai{L'), Rs + 0203), -R3 + e}. 
But e > (i?2 — -Ri)/2 + e > q;i(L') so i?3 + e > i?3 + q;i(L^) and so /?3 + e can be 
removed. On the other hand ai = min{ai(L^), R^ — Ri + 0203), Rs — Ri + ai{L')}. 
(We have ai{L^) = min{(i?2 — -Ri)/2 + e, R2 — Ri + (i(— 0102)} and, by Lemma 2.4(ii), 
R3 — Ri + ai{L') — R3 — Ri + ai{~< 03, ... , a„ )^) can replace all Rj+i — Ri + ^(—0^0^+1) 
with j > 3.) So i?i + = min{i?i + ai{L^), R-i + ^(-0203), R3 + ai(L')} = ordwL. □ 

Lemma 2.15 If is unary then tVk — 6fc(ffe-i + ffc + 20). (The term f^-i is ignored if 
k — 1 and fk is ignored if k — t.) 

Proof .Since is unary we have fi^ = a^C and Uk — r^. Also toL^. — 26^. 

We have L^'' = (-Lj<fc B^Bj^Lj) _L L/^ -L (-Lj>fc -f'j)- The first orthogonal sum is 
included in Si^^QkL^'''^^ , while the last one is included in Hence L^'' C + 

Bfc^iBfcL^^-i + L^^+\ The reverse inclusion follows from [OM, 93:24] so L^'' = + 
B^^iBfeL'^*-! +L'^'=+i. Now afc is a norm generator for both L^'' and L^, vr^^^'^^^^-i^afc-i for 
B^^^BfeL^*-! and a^+i for L^*+i. By Lemma 2.11 we have tVk = a^^()(7r2('''=~'''=-i)afe_iafe) + 
a^^()(afcafc+i) + mLfc + tt)(6^1i6fcLfi'=-0 + tt)Lfi'=+i +2fifc = fi-!,6fct)(afe_iafc) +6^'t)(afeafc+i) + 
6fe^iBfctt)fc-i + + 2Bfc. (We ignore afcC)(afcafc) = 0.) 

If Uk + Uk+i is even then by [OM, 93:26] we have B^f^ = c) (3^3^+1) + afc+itt)fc + 
afeltifc+i + 2p^"'=+"'=+i)/^"'"'''=). This formula also holds in the case when Uk + Uk+i is odd 
if we drop the last term. Indeed, in this case B^f^ = akak+iO but orda^afe+i is odd 
so 0(afcafe+i) = akak+iO and we also have ak+itVk, aktVk+i Q akak+iO. It follows that 
Bfc(ffc-i + ffc + 20) = 6fc(6^!i0(afc_iafc) + %\aktVk^, + Q^-i^k-iVOk + 2p(«'=-i+"'=)/2-'=-i + 
iifd{akak+i) + B^'afc+ittifc + Qfakm+i + 2p(«'=+«'=+i)/2~^'= + 20). (If + m^+i is odd we 
ignore 2p("''+"''+i)/^"'''=. If Uk-i + Uk is odd we ignore 2p('''=-i+"'=)/^"'''=-i.) But = Uk 
so (Mfc_i + Uk)/2 - Tfc-i = {uk-i - 2rk-i + 2rk - Uk)/2 > and {uk + Mfc+i)/2 - rfc = 
(itfe+i - Uk)/2 > 0. Hence 2p("'=-i+"'=)/2-'-*^-i, 2p("'=+"'=+i)/2-r-fc c 2(9 so these terms can 

be ignored. Thus Mfk-i + fk + 20) = ^k-i^kH^k-iak) + B^^^B^^.i + ^^^^kSk-i^ik + 
B^^O(afcafe+i) + B^^afc+itDfc + VOk+i + 2Bfc = tOfc + B^^^Bfcafc_imfc + B^^afc+itOfe = tVk- (We 
have Bj^^^Bfeafe-i = B^^iaA;_i(B^ ^a^)"^ C O and B^^a^+i = a^^afc+iC CO. ) D 

Lemma 2.16 Let 1 <i <n — 1. Then: 

(i) If Uk-i < i < Uk for some I < k < t, then Ri + = oidWk and —Ri+i + ttj = 
ordtt)J_fc- 
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(ii) Suppose that i — Uk for some 1 < k < t — 1. If Ri+i — Ri is even or < 2e then 
ai = Old fk,- otherwise ai — {Ri+i — Ri)/2 + e, ord = Ri+i — Ri = 2ai — 2e and both ai 
and ordffc are > 2e. 

Proof.i}) Note that Ri + — Uk + Irk — Uk = 2rk. Thus if Ri -\- oti — ordWfe 
then —Ri+i + = ordrofe — 2rk = ordB^^rOfc = ordtt)*_^ so it is enough to prove 
the first part of the statement. Also + Rn^_^j^2 = Rn^-i + Rn^ = 2rk and so 

Rn^-i+i + <^nk-i+i = ■ ■ ■ = Rn^-i + "nfe-i by Corollary 2.3(i). Thus it is enough to prove 
our statement for only one value of rik-i < i < rik, say i — rik-i + 1. 

We use induction on t. Note that if /c = 1 then ordtni = ordtnL = Ri + ai 
by Lemma 2.14 so we are done. In particular, (i) is true when t = 1. Suppose 
now that t > 2. We may assume that k > 2. We have L*^* = BfcL^^_-^^ _L L*(^k)- 
Since i = n^-i + 1 < we have Ri_i = 2rk-i - Wfc-i, Ri = Uk, Ri+i = 2rk - Uk, 
L(fc_i) =^ ai,...,aj_i >- and L*^.^ =^ ai,...,an y- Note that Ri > Ri+i- If a 

and b are norm generators for L*^.^ and B^L^^ -^^, respectively, then txL^^^ = p^' = 
— nL^*. Therefore a is also a norm generator for L^''. By Lemma 2.11 we have 
tVk — BL^'^ = ro(BfeL|j^._-^^) + tt)-L*^) + a~^l)(ab) + 2Bfc, which implies that ordtUfe = 

min{ordtt)(BfeL^^_j^)), ord tt)-L*j.), ordb+d(ab), Tfe+e}. Now Lk is not unary so ordtnL^^) = 
Ri + q;i(L(^)) by Lemma 2.14. Also — ^ a~}i,...,ai^ >- and orda~.\ = — -Rj-i 

so by Lemma 2.14 we have ordttiL^^_^ = min{— + ai{L^^j^_^-^), —Ri_i + e} = 
min{-i?j_i + ai^2{L(k-i)),-Ri-i + e}. (We have q;i(lJ^_^)) = Q;j_2(-^(fe-i)) by 2.6.) 
It follows that ordtt)(BfcL|j^._^^) = min{2rfe - + Q;j_2(-L(fc_i)), 2rfc - Ri^i + e} = 
min{J?j + Ri+i — Ri-i + ai_2{L(k-i)), Ri + Ri+i — Ri-i + e}. Now a~_\ is a norm gen- 
erator for L^^_-^-|, so b := 7r^^'=a,~L\ is a norm generator for B^L^^ -^^, and a := — a,j is 
a norm generator for L^k)- We get ordb + ci(ab) = 2rk — Ri~i + d^—n'^''''' a^^ai) — 
Ri + Ri+i - Ri-i + d{-ai-iai). Also + e = {Ri + i?j+i)/2 + e. Thus ordrofe = 
min{it!j + q;i(L^^^), Ri + — Ri-i + aj-iOj), i?i + Ri+i — Ri-i + ai_2(-Z^(fc-i)), Ri + 
- + e, + i?i+i)/2 + e}. But < Ri+i < Ri so i?^ + Ri+i - Ri-i + e> 
{Ri + Ri+i)/2 + e — Ri + {Ri+i — Ri)/2 + e > Ri + ai{L*f,-^) so the last two terms can be re- 
moved. By Lemma 2.4(i) i?j+i-i?j_i+«i_2(-^(fe-i)) = -Ri+i--Ri-i+ai_2(-< Oi, . . . , ai_i >~) 
replaces all the terms in the definition of a, with 1 < j < i — 2, while by Lemma 2.1 
q;i(L^^^) = ai{~< tti, . . . ,an y) replaces (-Rj+i — Ri)/2 + e and the terms with i < j < n. 
Hence = min{i?j+i-i?j_i + ai_2(L(fc_i)), i?i+i-i?i_i + (i(-ai_iaj), ai(L(^-,)}. It follows 
that Ri + ai^ min{i?j + Ri+i - + ci;j_2(I/(fc_i)), Ri + Ri+i - Ri^i + d{-ai-iai), Ri + 
«i(^(fc))} = ordTOfc. 

(ii) Since i = we have Ri = 2rk — Uk, Ri+i = Uk+i, Li^k) — -< ai, . . . ,ai >- and 
^k+i) • • • ^. We have Ri+i - Ri = Uk + Uk+i - 2rk so Ri+i - Ri is 

even iff Uk + Uk+i is even. If Uk + Uk+i and _Rj+i — Ri are odd then = B^^a,fca,fc+i so 
ord fk = Uk + Uk+i - 2rk = Ri+i - Ri- If Ri+i - Ri < 2e then ctj = - Ri = ord f^, 
while if — Ri > 2e then CKj = (-Ri+i — Ri)/2 + e. (See Lemmas 2.7(ii) and (iii).) 

Suppose now that — Ri is even. By Lemma 2.12 we have fk = B^^l)(afeafc+i) + 
afcB^^ttjL* +afe+itt)L" +2p("'=+"'=+i)/2-'-'=. We take = Tr^^'^-^^'/^ai and a^+i = -a^+i. 



11 



(See Lemma 2.13(iii).) Thus ordt)(aA;afc+i) = ord(afcafc+i) + d{ak3k+i) = Uk + Uk+i + 
di-aitti+i) and so ord6^^c)(afcafe+i) = -2rk + Uk + Uk+\ + = Ri+i - Ri + 

— ajaj+i). By Lemma 2.14 we have ordrDL*^^^^-^ = min{i?j_|_i + ai{Ll_^_^) , Ri^i + e}. 
Since orda^fi^^ = Uk - 2rk = -Ri, we get ord (afcB^ ^wL^^^-^^) = min{i?j+i - Ri + 
Ri+i - Ri + e}. We have L^^^ =^ a^"\ . . . ,a];^ y, so ordroL^j.^ = min{-i?i + 
ai(L|^)), + e}. Since = (see 2.6) and orda^+i = Uk+i = 

Ri+i we have ord (afc+itt)L*^p = min{i?i+i - -R, + ai^i{L^k)), Ri+i - Ri + e}. Finally 
ord2p(«'=+«'=+i)/2--'= = (wfc + Mfc+i)/2 - rfc + e = (i?,+i - i?0/2 + e. Thus ordf^ = 
min{(i?j+i — Ri)/2 + e,Ri+i — Ri + d{—aiai+i), Ri+i — Ri + Q;i_i(L(fc)), — Ri + 
Q;i(-^(fe+i)), Ri+i - Ri + e}. But Ri = 2rfe -Uk <Uk < Uk+i = Ri+i so Ri+i - Ri + e > 
{Ri+i — Ri)/2 + e so it can be ignored. So ordf^ = min{(i?j+i — Ri)/2 + e, Ri+i — Ri + 
d{ —diCti+i), Ri+i — Ri + ai^i{L(^k)), Ri+i — Ri + '^i(-^(A;+i))}' which, by Corollary 2.5(ii), 
is equal to ttj. (Recall, L(^k) —~< Oi, . . . , Oj >- and -^(^+1) — ~< o,i+i, ■ • ■ , ctn >-•)'-' 

Corollary 2.17 (i) If Lk is not unary and i = Uk-i + 1 or Uk — I then orda^-'^tOfc = 

(ii) If Lk is unary and i = rik then orda^^rofc = min{Q!j_i, ctj, e}. (We ignore ai-i if 
i = 1, and ai if i = n.) 

Proof .{i) In both cases when i = Uk-i + 1 or — 1 we have Ri — Uk — ordafe. Hence 
ordrofe = Ri + ai = orda^ + «j so orda^^'^tOfc = Oj. 

(ii) We have 6^ = a^O and, by Lemma 2.15, VOk = %{^k-i + ffc + 20) so a^^tOfc = 
ffc-i + ffe + 20. Thus ordaj^^ttife = min{ordffe_i, ordf^, e} and we have to prove that 
it is equal to min{Q;j_i, ccj, e}. Now i — 1 = Uk — 1 = rik-i so, by Lemma 2.16(ii), 
we have either Ui^i = ordf^^i or aj_i,ordffc_i > 2e. But if Q;j_i, ordffc_i > 2e > e 
then they can be ignored in min{aj_i, a^, e} and min{ordffc_i, ordffc, e}, respectively. 
Similarly either ctj = ordf^ or Q;j,ordffc are both > 2e > e so they can be ignored. Thus 
min{Q;j_i,ci;j,e} = min{ordffe_i, ordffe, e}. □ 



3 Main theorem 

In this section we state and prove the main result of this paper, the classification of 
integral lattices over dyadic local fields in terms of good BONGs. It is well known that 
this problem was first solved by O'Meara in [OM, Theorem 93:28]. Since our proof uses 
O'Meara's result we first state Theorem 93:28. 

Throughout this section L, K are two lattices with L =^ ai, . . . , a„ >- and K =^ 
bi,...,bn >- relative to good BONGs. In terms of Jordan decompositions we write 
L = Li ± ... ± Lt and K = Ki ± ... ± Kf. Let Qk = QLk, &k = ^^k: 9k = qL^^, 
q'^ = QK^'k, tVk = tvL^>', tv'k = Wire's fk = fk{L) and = fk{K)- Let a^ and be 
norm generators for L^* and K^'k , respectively. We say that L and K are of the same 
fundamental type if 

t = t', dim Lk = dim Kk, % = 6'^, 0^ = g'^ 
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for 1 < A; < These conditions are equivalent to 

t = t', dimLfe — dimKk, Bfc = B^, rD^ = tx)^, = hk (mod ttife) 
ior 1 < k < t. We now state O'Meara's Theorem 93:28. 

Theorem 93:28 Let L, K he lattices with the same fundamental type such that FL = 
FK. Let L(i) C • • • C and ^(i) C • • • C K(^t) be Jordan chains for L and K. Then 
L ^ K if and only if the following conditions hold for 1 < i < t — 1 

(i) detL(fc)/ deti^(fc) = 1 (mod f^). 

(ii) FL(k)^FK(^k) -L [afc+i] when C A^k+i^k+i- 
(m) FL(k)^FK(k) ± [afc] when % C 4aferD^^ 

We state now our main result. 

Theorem 3.1 Let L, K he two lattices with FL = FK and let L =-< ai, . . . , a„ >- and 

K bi,. . . ,bn >- relative to good BONGs. Let Ri = Ri{L) = ordoj, Si = Ri{K) — 
ordftj, ccj = oci{L) and (5i — ai{K). Then L ^ K iff: 

(i) Ri — Si for 1 < i < n 

(ii) ai = Pi for 1 < i < n — \ 

(Hi) d{ai ■ ■ ■ aibi ■ ■ - hi) > ai for 1 < i < n — 1 

(iv) [bi, . . . , 6i_i]— s-[ai, . . . , Oj] for any 1 < i < n s.t. ai-i + ai > 2e. 

Proo/. Condition 3.1(i) is equivalent to t = f, dimL^ — dimKk, 6^ = ^L^"" — 

nK^'' i.e. akO = hkO. (See [B, Lemma 4.7].) Suppose this happens. Denote as before 
Uk = dimL(fc) = dimi^(fc), p*"* = 6^ and p"* = xiL^'' = akO. 

As in the previous section, we choose a Jordan splitting of L such that L^ =^ 
flnfc_i+i, ■ ■ ■ , cbuk I^- Hence for any 1 < k < n, ak can be either ±a„^_j+i or ±7r^"*~^''*^a„^. 
We choose a Jordan splitting for K with the same property. 

Assuming that 3.1(i) holds, Lemma 2.16 and Corollary 2.17(ii) imply that 3.1(ii) is 
equivalent to rofc = ttij. for 1 < A; < t and f ^ = for 1 < A; < t — 1. 

Prom here the proof of Theorem 3.1 consists of two steps: 

1. Assuming that 3.1(i) and (ii) hold, we prove that condition 3.1(iii) is equivalent 
to afc = hk (mod rofc) for any 1 < k <t and condition 93:28(i). 

2. Assuming that 3.1(i)-(iii) hold, we prove that condition 3.1(iv) is equivalent to 
conditions 93:28(ii) and (iii). 

Lemma 3.2 Suppose that L,K satisfy conditions 3.1(i) and 3.1(ii). If Ri_i — Ri+i for 

some 1 < i < n then: 

(i) If 3.1(iii) holds at i — 2 or i — 2 = then 3.1(iii) holds at i. 

(ii) If 3.1(iii) holds at i or i + 1 — n then 3.1(iii) holds at i — 1. 

Proof .{i) We have d{ai ■ ■ ■ Qibi ■ ■ - bi) > m\n{d{ai ■ ■ ■ aj_2&i • • ■ ^1-2), c?(— Oj-iai), d{—bi_ibi)} . 
(If i - 2 = we ignore d{ai ■ ■ ■ aj_26i • • • 61-2)-) But d{ai ■ ■ ■ aj_26i • • • 61-2) > oii-2 > 
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Ri-i - Ri+i + ai = ai. (We have -Ri-i + oti-2 > -Ri+i + aj.) Also d{-ai-iai) = 
— -Rj-i + aj_iaj) > cij. Similarly d{—bi^ibi) > a^. Hence d{ai ■ ■ -ttibi ■ ■ - hi) > ai. 
(ii) is similar. This time Ri^i + ctj+i > Ri-i + aj-i so (i(ai • • • Oj+i, 61 • • • > 
tti+i > - Ri+i + ai-i = ai-i. (If i + 1 = n then d{ai ■ ■ ■ a„6i • • • 6„) = 00 > an-2) 
Also d(— ajaj+i) = — Ri-i + ci(— OiOi+i) > ctj-i and similarly d{—bibi+i) > ctj-i. □ 

Lemma 3.3 Assuming that 3.1(i) and (ii) hold, condition 3.1(iii) is equivalent to = 
bfc (mod ttJfc) /or any 1 < k <t and condition 93:28(i). 

Proof. We have L(^k) —~< ai,...,a„j. >- and =^ bi,...,bn^. >~. Hence detL(fe) = 
ai ■ • • a,ij. and det /^(fe) = bi- ■ - bn,,. Since the two determinants have the same order, Ri + 
• • •+-Rnfe, the condition det ^(fc)/ det ii'(fc) = l(mod f^) is equivalent to d{ai ■ ■ ■ anj)i • ■ - bn^) > 
ord fk- Let i — Uk- We claim that d{ai • • • Uibi ■ • - bi) > ord fk is equivalent to d{ai ■ • ■ Uibi • • - bi) > 
ai. By Lemma 2.16(ii) we have either ai = ordffc or ai,ordffc > 2e. In the first case our 
claim is obvious and in the second both d{ai ■ ■ ■ Uibi ■ ■ - bi) > ord and d{ai ■ ■ ■ Uibi ■ ■ - bi) > 
ai are equivalent to ai ■ ■ ■ 0^61 ■ ■ - bi E F^. 

Thus condition 3.1(iii) at indices i = Uk with l<k<t — lis equivalent to 93:28(i). 
Assume these equivalent conditions hold. We want to prove that condition — 
(mod tVk) at indices 1 < k < t s.t. Lk is not unary is equivalent to condition 3.1(iii) at 
i = Uk-i + 1, while if Lk is unary then it holds unconditionally. 

Note that = bfc(mod Wk) is equivalent to bk/sk — l(niod a^^tVk) i.e. to d{akbk) ~ 
d{hk/ak) > orda^^rofc- We will take a^ = duk-i+i = «i and = &nfe_i+i = b^. So our 
condition is equivalent to d{aibi) > orda^''^tt)jt, where i — Uk-i + 1. 

If Lk is unary then orda^''"ttJfc = min{Q;i_i, a,, e} by Corollary 2.17(ii), where i = 
Uk-i + l = Uk. Since i — l= Uk-i and i = Uk, condition 3.1(iii) is satisfied for both. Thus 
d{ai ■ ■ ■ Qi-ibi ■ ■ ■ bi_i) > Q;j_i > orda^-'^tDfc and d[ai ■ ■ • Oibi • ■ • bi) > a^ > orda^^tOfc 
so d{aibi) > orda^^ttife. (If /c = 1 so i = no + 1 = 1 we ignore Q;j_i and we have 
d{aibi) > ai > ordaf ""^Wi. U k — t so i — Ut — n we ignore a^ and, since oi • • • a„ = 
det FM = det FN = 61 • • • 6n in F/F"^, we get d{anbn) = d{ai ■ ■ ■ an-ibi ■ ■ ■ 6„_i) > 
(Xn-i > orda^^rof.) Thus condition a^ = b^ (mod tOk) is superfluous when Lk is unary. 

Suppose now that Lk is not unary and let i = n^-i + 1. By Corollary 2.17(i) we 
have orda^^tDfc = a^. We will prove that d{aibi) > orda^^tt)/; = a^ is equivalent to the 
condition 3.1(iii) at i i.e. to d{ai ■ • ■ Uibi • • - bi) > ai. If A; = 1 so i = no + 1 = 1 this is 
obvious. If A; > 1 so i > 1 note that —Ri + ai-i > —Ri+i + (^-i and Ri — Uk > 2rk — Uk — 
Ri+i so ttj-i > ai. We have i — 1 = Uk-i so d{ai ■ ■ ■ ai^ibi ■ ■ ■ > ttj-i > ai and so 
d{aibi) > ai is equivalent to d{ai ■ ■ ■ Oibi ■ ■ - bi) > by domination principle. 

To complete the proof we show that 3.1(iii) is true if it is true for i = Uk, where 
1 < k < t — 1, and for i — Uk-i + 1, where 1 <k <t and Lk is not unary. To do this we 
use Lemma 3.2. 

Let 1 < k < t. For any Uk-i + 1 < i < n^ we have Ri-i = Ri+i (they are both Uk 
or 2rk — Uk) so by Lemma 3.2(i) if 3.1(iii) holds for i — 2 or i — 2 = it will also hold 
for i. Thus, since 3.1(iii) is true for Uk-i (or nk-i = if /c = 1), it will also be true 
by induction for any Uk-i + 2 < i < Uk with i = Uk-i (mod 2). Similarly since 3.1(iii) 
is true at Uk-i + 1, it will also be true by induction for any Uk-i + 1 < i < n^ with 
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i = Uk-i + 1 (mod 2). Hence 3.1(iii) holds for any Uk-i < i < Uk- Since 3.1(m) also 
holds for any i — Uk with l<k<t — lit will hold for any 1 < i < n — 1. □ 

Lemma 3.4 If 1 < i < n and Ri-i — Ri+i then a^-i + a, < 2e. 

Proof. We have a^-i + a, < {Ri - Ri-i)/2 + e + (ii^+i - Ri)/2 + e = {Ri+i - Ri-i)/2 + 2e 
so if Ri-i = Ri+i then Q;j_i + ttj < 2e. □ 

Lemma 3.5 Let V,W be two quadratic spaces over F. We have: 

(i) If dim.V — dimly = 1 and H a hyperbolic plane then W^-V ijfV^-W _L H. 

(ii) If dim V^dimW and aeF then W^V ± [a] iff V^W ± [a det V det W] . 
(Hi) If dimV — diml^, a,b & F and {ab, det y det W)p — 1 (in particular, if d{ab) + 

d{detVdetW) > 2e) then W^V ± [a] iffW^V ± [b]. 

Proof .This is a direct consequence of [OM, 63:21]. For (iii) we also use the fact that if 
xy — zt then [x, y] = [z, t] iff z^-[x, y], which in turn is equivalent to {xz, yz)p = 1. □ 

Lemma 3.6 Suppose that L,K satisfy the conditions 3.1(i)-(iii) (or, equivalently, they 
have the same fundamental type and they satisfy the condition 93:28(i)). Then: 

(i) Iffk C 4afctti^^ and both ak andbk are norm generators for L^'' , then FL(^k)^~FK(^k) -L 
[afe] is equivalent to FL(^k)^FK(^k) -L [bfe], and also to FKq^-^^i-FLq^) _L [b^]. 

(a) If % C 4afe+itt)^_|]^ and both a^+i and bk+i are norm generators for L^^+^ then 
FL(^k)—>-FK(^f;) -L [sfe+i] is equivalent to FL(^k)—>-FK(^k) ± [bfc+i] and also to FK(^k)—>-FL(^k) ± 
[bfe+i]. 

Proof. (i) fk C. 4afctt)^^ is equivalent to ordf^ + orda^^tOfc > 2e. We have a^^tOfc 5 
2a^^Bfc 5 20 so orda^^tOfe < e < ordf^. Since a^, are both norm generators for L^'' 
we have (i(afcbfc) > orda^^tOfe. Since also (i(det L(fc) det -ft'(fc)) > ordffc > ord a^ ^tOfc we also 
have (i(afcbfc det L(fe) det i^r(fc)) >orda^^ttife. Since (i(det L(fe) det /('(fe)) +(i(afebfe) >ordffe + 
ordaj^^tt)fe > 2e we get by Lemma 3.5(iii) that FL(^k)^-FK(^k) -L [afc] iff FL{k-)^-FK{k-) ± 
[bfc]. Similarly, since (i(det L(fc) det ii'(fc)) +(i(afcbA; det det -ft'(jfc)) > ordf^ + orda^^tOfc > 
2e, we have FL^k)^FK(^k) -L [a^] iff FL(^k)-^FK(^k) -L [b^ det L(fe) det i^(fe)] which, by 
Lemma 3.5(ii), is equivalent to FK(^i;)~^FL(^k-j ± [bj^]. 

(ii) Same proof from (i) but with a^, b^, XVk replaced by a^+i, b^+i, tVk+i- D 

Lemma 3.7 Suppose that L,K satisfy the conditions 3.1(i) - (iii). Ifl<k<t — 1 
then: 

(i) If fk C 4afem^^ then FL^k)^FK^k) -L [a^] iff [bi, . . . , bi_i]^[ai, . . . , a^], with 
i = Uk- 

(ii) Iffk C 4afe+itt)^^i then FL^k)^FK(^k) -L [afc+i] iff [bi, . . . ,bi-i]-^[ai, . . . ,ai], 
with i = nk + 1. 
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Proof. (i) We take = —'jT^'^''~^^''bi as a norm generator for K^'', so for L^*". (See 
Lemma 2.13(iii).) By Lemma 3.6(i) FL(k)^FK(k) -L [afc] iff FL(^^)^^FK(^^) ± [b^] 
i.e. iff [ai, . . . , aj]— . . . , -L [—h] = [61, ... , 6j_i] ± H. By Lemma 3.5(i) this is 
equivalent to [61, ... , ^[ai, . . . , aj]. 

(ii) We take b^+i = as a norm generator for L^'^+i . By Lemma 3.6(ii) FL(j.')^>-FK(j.-^ ± 
[ajt+i] iff FK(^k)^FL(^k) -L [bjfc+i] i.e. iff [61, . . . , 6j_i]^[ai, . . . , aj_i] ± [a^] = [oi, . . . , a,]. 
□ 



Lemma 3.8 (i) If i = rik > Uk-i + 1 then ttj-i + > 2e iff fk C afcttij^'''. 
(^nj //i = nk + l < Uk+i then + > 2e %ff fk C afc+irD^_|p 
(^my) Ifi = nk = Uk-i + 1 ^/ien + > 2e z/f C afctiP^^ or fk-i C afctt)^^ 
(^/n (^m^ we ignore the condition C Sik^k^ if k — t and we ignore fk-i C a^tti^^ if 

k^l.) 

Proof .{i) Condition C 4afctt)^^ is equivalent to orda^^txifc + ordf^ > 2e. By Corollary 
2.17(i) we have orda^^rofc = ctj-i. By Lemma 2.16(ii) we have either = ordf^ or 
ai, ordfk > 2e. In the first case ordaj^^TOfe + ordf^ = ccj-i + ai and in the second both 
orda^^ttife + ordffe > 2e and aj-i + ai > 2e hold. In both cases ordaj^^TOfe + ordf^ > 2e 

iff Oj-i + ttj > 2e. 

(ii) We have C Aak+i^k+i orda^^-^^tVk+i +ordffc > 2e. By Corollary 2.17(i) 
ord a^^^tx)fc+i = and by Lemma 2.16(ii) ordf^ and are either equal or they are 
both > 2e. Thus orda^^^Wfe+i + ordf^ > 2e iff ai-i + ai > 2e. 

(iii) fk-i C 4afctx)^^ and fk C 4afctt)^^ arc equivalent to ordffc_i +orda^^rDfc > 2e rcsp. 
ordffc + orda^^rofc > 2e. By Corollary 2.17(ii) we have orda^^rofc = min{Q;j_i, a^, e} > 0. 
By Lemma 2.16(ii) we have that ordfjfc_i = ai-i or ordffc-i, ctj-i > 2e and ordf^ = 
ai or ordfk, ai > 2e. Therefore fk-i C 4afctti^^ and C 4afett)j^^ are equivalent to 
CKj-i + min{Q;j_i, a,, e} > 2e resp. ctj + min{Q;j_i, ai, e} > 2e. Obviously either of them 
implies ccj-i + ctj > 2e. Conversely, suppose that + > 2e. If both Q;j_i and o;, are 
> e then we have both Q;j_i+min{Q;j_i, a^, e} > 2e and aj + min{aj_i, a^, e} > 2e. Other- 
wise we have min{aj_i, a,, e} = min{Q;j_i, ai} and so max{aj_i, ai} -|-min{Q;j_i, a,, e} = 
max{Q;j_i, Oj} + min{Q;j_i, ctj} = Q;j_i + ctj > 2e, which implies that either Q;j_i + 
min{Q;j_i, ai, e} > 2e or ai + min{Q;i_i, ai, e} > 2e. □ 

Lemma 3.9 Assuming that 3.1(i)-(iii) hold, condition 3.1(iv) is equivalent to 93:28(ii) 
and (iii). 

Proof .Take 1 < i < n. If Uk^i + 1 < i < Uk for some 1 < A; < t then Ri-i = Ri+i, 
by Lemma 2.13, so, by Lemma 3.4, ctj-i + < 2e, which makes 3.1(iv) vacuous at i. 
Therefore we can restrict ouselves to i = or + 1 for some 1 < k < t — 1. We have 
three cases: 

1. i = Uk and dimL^ > 1 i.e. i = Uk > Uk-i + 1. By Lemma 3.8(i) C 4afclt)^^ is 
equivalent to > 2e. On the other hand if fk C Ask^k^ then FL(^k)^^FK(^k) -L [afc] 

is equivalent to [61, ... , 6i_i]— *-[ai, . . . , aj] by Lemma 3.7(i). Therefore 3.1(iv) at index i 
is equivalent to 93:28(iii) at index k. 
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2. i = rife + 1 and dimLfc+i > 1 i.e. i = rik + 1 < Uk+i- By Lemma 3.8(ii) C 
4a k+itOf^l^ is equivalent to Q;j_i +ai> 2e. On the other hand FL(^k)^FK(^k) -L [sfe+i] is 
equivalent to [bi, . . . , >-[ai, . . . , Oj] by Lemma 3.16(ii). We will prove that 3.1(iv) 
at index i is equivalent to 93:28(ii) at index k. 

3. i — Uk — Uk-i + 1 for some 1 < k < t. In this case Lk is unary. We will prove 
that the condition 3.1(iv) at index i is equivalent to 93:28(iii) at index k and 93:28(ii) 
at index k — 1. First note that ii k = t then 3.1(iv) is vacuous at i = = n. On the 
other hand 93:28(iii) is vacuous at index k = t. Also if ft-i C 4attt)7^ then, by Lemma 
3.7(ii), FL(t-i)^-FK(t_i) _L [aj] is equivalent to . . . , 6n-i]— *-[ai, . . . , a„] (we have 
i — rit-i + 1 — rit — n). But this follows from [oi, . . . , a„] = . . . , Thus 93:28(ii) 
is superfluous at index k — 1 = t — 1. Next we note that if /c = 1 then 3.1(iv) is vacuous 
at 2 = -n-o + 1 = 1. On the other hand 93:28(ii) is vacuous at index A; — 1 = 0. Also if 
fi C 4aj^^rDi then FL(^i^—>-FK(i) _L [ai] is equivalent, by Lemma 3.7(i), to 0— >-[ai] (we 
have i — rii — 1). Here is not the scalar zero, but the zero lattice, of dimension 0, so 
0— )-[ai] holds trivially. Thus 93:28(iii) is superfluous at A; = 1. 

Suppose now that 1 < k < t. By Lemma 3.8(iii) we have + aj > 2e iff f^-i C 
4afctt)^^ or ffc C 4afctD^^. To complete the proof we note that if ffc_i C Aa^Xv^^ then 
FL(fc_i)— ± [afc] is equivalent to . . . , 6j_i]— >-[ai, . . . , a^] by Lemma 3.7(ii) 
(we have i — Uk-i + 1) and if ffc C 4afctt)^ ^ then FL{k)^>-FK(^k) -L [^k] is equivalent to 

. . . , )-[ai, . . . , Oj] by Lemma 3.7(i) (we have i — rife). □ 



4 The 2-adic case 

In this section we will assume that F is 2-adic i.e. that e = 1. 

In [OM, §93G] O'Meara gives a solution to the classification problem in the 2-adic case 
which only involves the Jordan invariants dimLfc, 6^ and := nL^. The invariants Qk 
and ttJfc are no longer necessary since they can be written as 0^ = and to^ = 26^. A 
similar phenomenon occurs when we use good BONGs instead of Jordan decompositions. 
This time the invarians are no longer necessary. 

Lemma 4.1 Ife — 1 then ai — 1 if Ri+i — Ri — 1 and ai — {Ri+i — Ri)/2 + l otherwise. 

Proof .We have Ri+i — Ri > — 2e = —2 and if Ri+i — Ri is negative then it is even. Thus 
— Ri is either —2 or it is > 0. If Ri+i — Ri — — 2e = —2 or Ri+i — Ri — 2e — 2 — 
2 - 2e = or if Ri+i - Ri > 2e = 2 then ai = {Ri+i -Ri)/2 + e^ {Ri+i - Ri)/2 + 1 by 
Corollary 2.9(i). If — Ri — 1, which is odd and < 2e, we have ai — Ri+i — Ri — 1 
by Lemma 2.7(iii). □ 

Since ojj's are uniquely defined by the RiS, condition (ii) of the main theorem is 
superfiuous since it follows from (i). Also, ord ai • • • = ord 6i • • • 6, so ord Oi ■ ■ ■ aj6i ■ ■ - bi 
is even. So if Ri+i — i?i < 1 we have d{ai ■ ■ ■ aibi ■ ■ ■ bi) > 1 > ai. So condition (iii) is 
supefiuous if Ri+i — Ri < 1. If Ri+i — Ri = 2 then a2 = 2, while if Ri+i — Ri > 2 then 
ai > 2. Thus in these cases (iii) becomes ai ■ ■ ■ aibi ■ ■ - bi E F^ U AF^ if Ri+i — Ri = 2 
and oi • • • Qibi • • • 6j e if Ri+i — Ri > 2. Finally it is easy to see that the condition 
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ai-i + ttj > 2 from 3.1(iv) is satisfied iff Ri-i < Ri+i and the pair — -Rj_i, Ri+i — Ri) 
is different from (0, 1), (1, 0), (1, 1). So we have: 



Theorem 4.2 Suppose that F is 2-adic, L =-< oi, . . . , a„ >- and K =-< 6i, . . . , 6„ >- 
relative to good BONGs, Ri = Ri{L) = ordoj, Si = Ri{K) = ordfej and FL = FK. 
Then L = K if and only if the following conditions hold: 
(i) Ri = Si for any 1 < i < n. 

(a) For any 1 < i < n — 1 we have ai ■ ■ ■ aibi ■ ■ ■ 6^ G U AF^ if — Ri = 2, and 
ai ■ ■ ■ aibi ■ ■ - bi e F'^ if — i?, > 2. 

(Hi) . . . , i^[ai, . . . , Oj] for any 1 < i < n s.t. Ri-i < Ri+i and {Ri — 
Ri.uRi+i-Ri) ^ (0,1), (1,0), (1,1). 

5 Remarks 

1. The binary case 

\i L a,(3 and 7] e O"" then [B, 3.12] states that L r]a,7](3 iff r/ G 
g{a{L)) = g{^). 

The function g : A — > Sgp{0^ /O^ ) was introduced in [B, Definition 6]. Here 
SgpH is the set of aU subgroups of a group H. We recall the definition of g^ 
Definition If a = tt^e G A and d{—a) = d then: 

Iff i?> 2e then g{a) = C^l 

IIU R< 2e then: 

f(l+P^/2+e)0x2 ifd>e-i?/2 

~ j (1 + p^+'^)C^^ n N(-a) if < e - R/2. 

The following lemma gives a more compact formula for g{a). 

Lemma 5.1 If a G A andoTda = R and d{-a) = d then g{a) = (l + p"(''))C''^nN(-a), 
where a (a) = min{i?/2 + e, R + d} . 

Proof. By [B, 3.16] we have g{a) C N(-a). If r] e then r] G g{a) iff r/ G N(-a) and 
(I) If i? > 2e then r] G O""^; (II) If R < 2e then (/(r^) >i? + c/, if d<e - i?/2, and 
d{r]) >R/2 + e/ifd>e- R/2. (See [B, Definition 6].) 

We have to prove that the conditions from (I) and (II) are equivalent to d{ri) > a{a). 
lfR>2e then i? + d > 2e and R/2 + e> 2e/2 + e = 2e so a{a) > 2e. Thus d{r]) > a{a) 
is equivalent to r/ G O^'^. If R < 2e then d < e — R/2 is equivalent to R + d < R/2 + e. 
Hence if d < e - R/2 then a{a) = R + d and if d > e - R/2 then a{a) = R/2 + e. □ 

If n = 2 then from [B, 3.12] we have -< 01,02 ;^=-< 7701,7^02 )^ iff r/ G 5'(o2/oi). By- 
Lemma 5.1 this is equivalent to 77 G N(— 01O2) and d{T]) > 0(02/01). The first condition 
is equivalent to the isometry of quadratic spaces [01,02] = [7701,7702], while the second 
means d{ri) > 0(02/01) = min{(i?2 — -Ri)/2 + e, R2 — Ri + (i(— O1O2)} = a;i(-< Oi, 02 >~), 
which is consistent with condition (iii) of the main theorem. 

^In [B, Definition 6] there are some mistakes which we corrected here. 
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5.2 Remark Since a(a2/ai) = q;i(-< 01,02 >-) we have by Lemma 5.1 (7(02/01) = 
(l + p«iHai,a2^))0x2p^^_^^^^-j_ Equivalently, g{a{L)) = (l + p"i(-^))C>^^nN(- det FL). 

2. The formula for ojj 

We will now show the heuristical method by which the invariants were found. We 
want to know, given that L =~< ai, . . . ,an >- relative to a good BONG and 1 < i < n — 1, 
how much the product Oi ■ ■ ■ Oj can be altered by a change of good BONGs. That is 
if L =-< bi,...,bn >- relative to another good BONG we want to know how big the 
quadratic defect of (61 • • •6j)/(ai ■ • ■ ai) can be. So we are looking for a lower bound 
ai — ai{L) for d{ai ■ ■ ■ aihi • • - hi). 

For any 77 G ^'(a.j+i/a.j) we have -< aj,aj+i )^=-< r]ai,r]ai^i >- so, by [B, Lemma 
4.9(ii)], L =^ oi, . . . , flj-i, rjai, rjai+i, aj+2, . . . , a„ By this change of BONGs Oi ■ ■ ■ a, 
was changed by the factor rj. We have rj e g{ai+i/ai) which, by Lemma 5.1, implies 
d{r]) > a{ai+i/ai) = min{(i?j_|_i — Ri)/2 + e, Ri+i — Ri + d(— Ojaj+i)}. (See Lemma 5.1.) 
This lower bound can be further decreased if we decrease d(— aiCj+i). This can be done by 
changing the good BONGs of -< ai, . . . , and -< Oi+i, . . . ,an If -< ai, . . . , >^=-< 
a[, . . . >- and -< flj+i, . . . , fln >-=-< o-'i+i, • • • ? ^ then (/(— ajflj+i) is replaced by 
d{—a[a^^i). But d{ai+ial_^^) > q;i(-< aj+i,...,a„ y). Also, by reason of determinant, 
ai ■ ■ ■ aia[ ■ ■ ■ a'^ G so d{aia'^ = d{ai ■ ■ ■ ai_ia[ ■ ■ ■ a'^_i) > aj_i(-< ai,...,aj y). It 
follows that (i(— a^a^_,_j^) > min{d(— OjOj+i), Q;j_i(^ Oi, . . . , Oj :^), q;i(^ cii+i, ■ ■ ■ , Qn I^)}- 
Hence the new lower bound for rj is min{(i?j_|_i — i?j)/2 + e, i?j+i — -Rj + rf(— ajOj+i), — 
-Rj + Q;j_i(^ Oi, . . . , flj :^), -Rj+i — -Rj + ai{-< di+i, . . . ,an >-)}. This leads to the recursive 
formula ctj = min{(-Rj+i--Ri)/2+e, -Ri+i--Rj+(i(-aiai+i), -Rj+i--Ri+Q;i_i(-< ai, . . . , :^ 
), -Rj+i — -Rj + ai{-< Oj+i, . . . ,an y)} from Corollary 2.5(ii). 

In the case i — 1 and n > 3 the formula becomes ai — min{(-R2 — -Ri)/2 + e, -R2 — 
-Ri + d(— 0102), -R2 — -Ri + q;i(^ a2, . . . , an >-)}. In the case i = n — 1 and n > 3 we 
have Qn-i = min{(-R„ - -R„_i)/2 + e, -R„ - -R„_i + d{-an-ian), Rn - Rn-i + an-2(-< 
ai, . . . , fln-i ^)}- Finally if i = 1 and n = 2 then ai = min{(-R2 — -Ri)/2 + e, -R2 — 
-Ri + d{—aia2)}- Starting with the case n = 2 it is easy to prove by induction that 
ai — min({(-R2 — -Ri)/2 + e} U {Rj+i — Ri + ^(—0^0^+1) | 1 < j < n}) and q;„_i = 
min({(-R„ - Rn-i)/2 + e} U {i?„ - Rj + d{-ajaj+i) | 1 < j < n}). By plugging aj_i(-< 
ai, . . . , aj y) = min({(-Ri — -Rj_i)/2 + e} U {Ri — Rj + d{—ajaj^i) \ I < j < i}) and 
ai{-< aj+i, . . . , a„ >-) = min({(-Rj+2 - -Ri+i)/2 + e} U {-R^+i - -Rj+i + d{-ajaj+i) | i + 1 < 
j < n}) in the recursive formula for ctj we get the formula from Definition 1. (The extra 
terms -Rj_^.i — -Rj + (-Rj — -Rj_i)/2 + e and -Rj+i — -Rj + (-Rj+2 — -Rj+i)/2 + e that appear 
are > (-Rj.fi — -Rj)/2 + e so they can be removed. ) 

Of course this is only a guess and does not constitute a proof. In fact the relation 
d{ai ■ ■ ■ ttihi • • • 6j) > ctj is only proved this way in the particular case when bi, . . . ,bn are 
obtained from oi, . . . , through of succession of "binary transformations" of the type 
Oi, . . . , a„ — > Oi, . . . , TjUj, rjaj+i, . . . ,an with 1 < j < n — 1 and r) G g{aj+i/aj). It is not 
hard to prove that conditions (i)-(iv) of the main theorem are necessary if 61, . . . , 6^ are 
obtained this way. However, for the proof of the necessity in the general case and for the 
proof of sufficiency the use of O'Meara's theorem is necessary. 

3. In the view of the previous remark there is the natural question that asks whether, 
given that L =^ ai, . . . , a„ 61, . . . , fc„ >- relative to good BONGs, there is always a 
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succession of binary transformations as defined above from Oi, . . . , a„ to bi, . . . ,bn- The 
answer to this question is YES but only if we make the assumption that F/Q2 is not 
totally ramified, i.e. that the residual field O/p has more than 2 elements. 

If |C/p| = 2 we have the following counter-example. Let < d < 2e be odd and let 
R — 2e — 2d and e,ri E with d{e) = d and ^(77) — 2e — d. It can be proved that -< 
1, —TT^e, erj, —n^rj 77, —n^erj, e, — vr^ >- but one cannot go from 1, —w^e, erj, —tt^t] 

to 7], —TT^er), e, — tt^ through binary transformations. 

E.g. if F = Q2 and we take d = 1, so i? = and e = rj = -1, then -< 1, 1, 1, 1 >-=-< 
7, 7, 7, 7 y. However from 1, 1, 1, 1 we can go through binary transformations only to 
01,02,03,04, where an even number of Oj's belong to and the rest to . This 
happens because g{l) = g{5) = O^"^ U 5(9^^ so the only binary relations involving 1 and 
5 are -< 1, 1 ;^=-< 5, 5 and ^1,5 >-=-< 5, 1 >~. Similarly from 7, 7, 7, 7 we can only go 

2 2 

to oi, 02, 03, 04, where an even number of o^'s belong to 70^ and the rest to 30^ . 
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